In 1903, Landau [4] proved that for each k ≥ 1, the equation
has only finitely many solutions over the positive integers m i . Let G be a finite group and let k(G) denote the number of conjugacy classes C 1 , C 2 , . . . , C k(G) of G. The above equation holds in G if k = k(G) and m i = |G|/|C i |. It follows that there are only finitely many non-isomorphic finite groups with a given number of conjugacy classes. The problem of the classification of finite groups with a given number of conjugacy classes has a long history and goes back to Burnside. The interested readers can refer to [5] and [6] and the papers quoted there for a detailed account of this problem and, in particular, for the list of the groups with up to twelve conjugacy classes. Let m(G) denote the least positive integer n such that the union of any n distinct nontrivial conjugacy classes of G together with the identity of G is a subgroup of G. 
We answer the question in affirmative in Theorem 2. Our notation is mostly standard and that of [1] . A subgroup H of G is called a complement for a normal subgroup N of G in G if G = N H and N ∩ H = 1. If N has a complement H in G, then we say that G splits over N with H as complement. A group G is called a rational group if every element x of G is conjugate to x m , where m is a natural number co-prime to the order |x| of x. To prove our theorem, we need the following deep result [3, Proposition 21] from group theory: Proposition 1. Let G be a finite rational group with an abelian Sylow 2-subgroup H. Then H is elementary abelian, G splits over G ′ with H as complement, and G ′ is a 3-group.
Proof. First suppose that G is abelian and that m(G) = m < k(G) − 1. Then G has at least m + 1 distinct non-trivial conjugacy classes C 1 , C 2 , . . . , C m+1 . Let H = 1 ∪ m i=1 C i and let * Research supported by UGC under the Research Award Scheme
. Then H and K are subgroups of G and the subgroup HK of G has order
which is not a positive integer. It thus follows that m(G) = k(G) − 1. Now suppose that G is non-abelian and m(G) < k(G) − 1. Then, for any two distinct non-trivial conjugacy classes C 1 and C 2 , there is a subgroup of G containing C 1 but not C 2 . We conclude from this that every element of G is conjugate to any of its non-trivial powers. In particular, all elements of G are of prime order, possibly for various primes, and, since x is conjugate to x −1 , |G| is even. It follows that G is a rational group with an elementary abelian Sylow 2-subgroup H. Therefore, by Proposition 1, G splits over G ′ with H as complement and G ′ is a Sylow 3-subgroup. For 1 = h ∈ H, the mapping ϕ h :
is an automorphism of order 2. If ϕ h (g) = g for some 1 = g ∈ G ′ , then gh is of composite order, which is not so. Thus ϕ h is a fixed-point-free automorphism of order 2 and therefore, by [1, Theorem 10.
1.4], G
′ is abelian and ϕ h (x) = x −1 for all x ∈ G ′ . It follows that
for all x ∈ G ′ and hence |G| = 2.3 b for some b ≥ 1. If |G ′ | > 3, then there exist x, y ∈ G ′ such that x = y and therefore, by hypothesis, there is a subgroup of G containing x G and y G but not containing (xy) G . This is not possible and hence G ≃ S 3 . But in S 3 , m(G) = k(G) − 1 = 2, which is a contradiction to our hypothesis. This completes the proof.
